Abstract. In 1974, J. Martinez introduced the variety W of weakly Abelian lattice-ordered groups; it is defined by the identity
Basic definitions and facts
We will use the shorthand Z for the group of integers under addition with the usual ordering, N for the set of non-negative integers, and R for the additive group of real numbers with the usual ordering.
We will use standard group-theoretic notation, as in, e.g., [7] and [14] . In particular, if G is any group, we write ζ(G) for the centre of G; and if f, g, h ∈ G, we write f g for g − As is well known (see, e.g., [4, Chapter 2] ), every element of an -group G can be written in the form fg −1 for some f, g ∈ G + ; moreover, {|g| : g ∈ G} = G + = {g ∨ 1 : g ∈ G} where we write |g| for g ∨ g −1 . Therefore G + completely determines the order on G.
A subgroup C of an o-group G is called convex if for all c 1 , c 2 ∈ C, g ∈ G, (c 1 ≤ g ≤ c 2 implies g ∈ C). The set of convex subgroups of an o-group is totally ordered by inclusion [4, Lemma 3.1.2]. The set is closed under unions and intersections. Hence given any non-identity element g of an o-group G, there is a unique subgroup C g maximal with respect to not containing g. It is called the value of g and is strictly contained in the convex subgroup C(g) of G generated by g. Furthermore, C g C(g). The pair (C g , C(g)) is called a convex jump, and C(g)/C g is isomorphic (as an o-group) to an additive subgroup of R (see, e.g., [4, Chapters 3 and 4] ).
As is also standard, we write f g for f n ≤ |g| for all n ∈ Z (and say that f is very much less than g). In any o-group, f 1 f 2 g whenever f 1 g & f 2 g (see, e.g., [4, Chapter 3] ).
Residually ordered -groups form a variety R in the class of all -groups (see, e.g., [4, Section 3.8] or [9, Section 9.3] ). Hence any G ∈ R is -isomorphic to a subdirect product of o-groups. So any subvariety of R is generated by all of its o-groups. But any o-group is o-isomorphic to a subgroup of an ultraproduct of its finitely generated subgroups. Consequently we get: Lemma 1.3. Any subvariety of R is generated by its finitely generated o-groups. This is one of the essential tools in our proofs. A lattice-ordered group G is called weakly Abelian if g −1 |f |g ≤ |f | 2 for all f, g ∈ G [11] (or see [4, Section 6.4] or [9, Sections 6.2 and 9.4]). Equivalently, with the above shorthand, this law can be written in the form
Throughout we will use the following well-known result [11] (or see, e.g., [4, Lemma 6.4.1]):
Lemma 1.4. An -group G is weakly Abelian if and only if
Hence every weakly Abelian -group is residually ordered; i.e., a subdirect product of (weakly Abelian) o-groups [ibid.]. Weakly Abelian o-groups are called centrally ordered and have recently been studied by the authors with A. H. Rhemtulla (see [2] and [3] ). Note that in any centrally ordered group, C(g) and C g are nor-
We will need one fact from [3] : Since weakly Abelian -groups are residually ordered, the question is equivalent to:
Does every centrally ordered group belong to the variety of latticeordered groups generated by all nilpotent lattice-ordered groups? Theorem A provides negative answers to Kopytov's questions.
For prior work on this topic, see [5] and [6] . Let N be the class of all lattice-ordered groups that are nilpotent. Throughout, letN denote the variety of lattice-ordered groups generated by N. SoN is defined by all identities that hold in all nilpotent -groups. Every element ofN is an -homomorphic image of a subdirect product of nilpotent o-groups.
We will write q(N) for the quasi-variety of lattice-ordered groups generated by N. It is the smallest class of -groups that is closed under -isomorphisms, sublattice subgroups, direct products and ultraproducts and contains N. It is the class of -groups defined by all implications of the form
that hold in all -groups belonging to N, where
Clearly, q(N) ⊆N.
The proof of Theorem A
Let G be a group with generators a 1 , a 2 , y, c and relations
This is a finitely presented group. By (5),
To prove Theorem A, we first establish two facts:
(ii) G has a centrally orderable homomorphic image G ϕ with d ϕ = 1. To prove (i) we need Lemma 2.1. In G,
and for all m ∈ Z + ,
Proof. Trivially, in any group L,
By standard commutator calculus and induction on k,
Moreover, 
Thus, [c (7) and standard commutator calculus. (8) now follows.
We now use Lemma 2.1 to establish (i). Let p be an odd prime and 2m + 1 range over all powers of p in (8) . By Gruenberg's Theorem [14, Theorem 5.2.21], every finitely generated torsion-free nilpotent group is a residually finite p-group. By (8), d = 1 in any finite p-group that is an image of G. Therefore, d = 1 in every torsion-free nilpotent homomorphic image of G.
We now prove (ii). That is, the initial group, G, has a centrally ordered ho-
For this we construct an example. The first examples we considered were based on [1, Statement 6] ; what is presented here is several modifications later. 
and quotient out from C the divisible normal subgroup determined by these relations. We obtain a factor group C # with centre D, the divisible closure of d in
So D is a rank 1 Abelian group. Note that C # is a divisible nilpotent class 2 group and each element of C # can be uniquely written in the form c r 1
Let a, b be automorphisms of C determined by
Note that a, b induce automorphisms of C # .
Proof. We need only show that a, b respect the relations (12)- (14). This is immediate since
Therefore a and b induce well-defined automorphisms of C # .
We observe that automorphisms a and b commute and fix D pointwise. So we can construct a splitting extension
Each element of K can be written uniquely in normal form
Thus K has a central order with a series of convex subgroups
In C # , c m,n commutes with c m+2,n and c m,n+2 (m, n ∈ Z). These lead us to the following:
Consider the injective endomorphism β of C determined by
m,n . A tedious but thoroughly routine verification shows that β respects the relations (12)- (14) . Thus β induces an injective endomorphism of C # . We extend β to an injective endomorphism of K by Let K 0 be the subgroup of H generated by a, b, c 0,0 , β. Then K 0 , the "Kopytov group", is centre-by-metabelian. By construction, the relations (1)- (5) a, b, β, c 0,0 for a 1 , a 2 , y, c, respectively, and d = 1 by the normal form of the HNN-extension. Moreover, K 0 is centrally orderable since H is.
Thus, K 0 is a centrally orderable homomorphic image of G satisfying (ii).
We must now show that (i) and (ii) imply Theorem A. This follows immediately from the following more general theorem. 
For if G is defined by (1)- (5) and K 0 is the centrally ordered group constructed in Example 2.2, then it follows from (i) and (ii) that d ∈ Γ(G) \ ker(ϕ) where
To prove Theorem D, we will transform certain types of group implications into -group identities. To achieve this we will need two lemmata.
Let H be a finitely generated group with generators h 1 , . . . , h n . Let U = u 1 , . . . , u k be a finitely generated subgroup of H. We write
where I(G) is the isolator of G. So Γ {1} (H) = Γ(H). By construction, 
Lemma 2.4. Let F = F (x 1 , . . . , x n ) be the free group and U = u 1 , . . . , u k a finitely generated subgroup of
holds in every nilpotent lattice-ordered group.
Actually, ( * * ) is an infinite set of identities since w 1 w 2 is a shorthand for w m 1 ≤ w 2 for all m ∈ Z. We first show that the lemmata indeed imply Theorem D.
Proof. Let G = g 1 , . . . , g n : u 1 (g 1 , . . . , g n ) = 1, . . . , u k (g 1 , . . . , g n ) = 1 . Let F be the free group on x 1 , . . . , x n and u j = u j (x 1 , . . . , x n ) be the result of replacing each occurrence of g i in u j (g 1 , . . . , g n ) by
By Lemma 2.4,
. This contradiction establishes the theorem.
We now prove Lemma 2.3.
Proof. Let w ∈ Γ U (H). Then for every j ∈ Z + , there is a positive integer t j such that w
with m 1,j , . . . , m k,j ∈ Z. We call ( * j ) a j th -representation for w; it is not usually unique.
If
then we say that the ( * j ) representation is less than the ( * j ) representation if
in the lexicographic ordering on N k . This is a well-ordering. For each j ∈ Z + , among all the representations ( * j ) for positive powers of w, choose one so that the right-hand side of ( * j ) is minimal. We will assume that the sequence {t j : j ∈ Z + } has been chosen so that, for each j ∈ Z + , ( * j ) is minimal for all positive powers of w.
Fix j 1 and let j ≥ j 1 . We first establish:
Proof. Let j ≥ j 1 . Since m 1,j 1 = 0, we can write m 1,j = qm 1,j 1 + r where q, r ∈ Z with 0 ≤ r < |m 1,j 1 |. Now
This contradicts the minimality of ( * j 1 ) unless t j = qt j 1 . Hence
Raising both sides of ( * j 1 ) to the r th -power and substituting the above gives a ( * j 1 ) representation of a positive power of w with the exponent on u 1 being 0 < |m 1,j 1 |. This contradicts the minimality of ( * j 1 ). Thus r = 0 and we have m 1,j /m 1,
The claim also implies that m 1,j = 0 if j ≥ j 1 and m 1,j 1 = 0 (since t j ∈ Z + ). Either m 1,j = 0 for all j ∈ Z + or there is a least j 1 ∈ Z + with m 1,j 1 = 0. Then for all j ≥ j 1 , there are q j ∈ Z \ {0} such that the minimal j th -representation for all positive powers of w is
if such a j 1 exists; if no such j 1 exists, let j 1 = 1 and
. Repeating the above argument with w 1 in place of w, we can find j 2 ≥ j 1 and q j ∈ Z such that
Let w 2 = w
. Continuing in this way, we obtain m 1 , . . . , m k ∈ Z and m 0 , q j ∈ Z + such that
for all sufficiently large j ∈ Z + . This completes the proof of the lemma.
We now prove Lemma 2.4.
Proof. Assume the hypotheses of the lemma. Let G be a nilpotent class c ogroup and
. . , g n be determined by
. . , g n )|, and C v be its value in G. Hence u 1 (g 1 , . . . , g n Therefore w(g 1 , . . . , g n ) ∈ C v (convex subgroups are isolated). Consequently
Since g 1 , . . . , g n were arbitrary in G, we get that ( * * ) holds in G. Hence ( * * ) holds in all nilpotent o-groups (it is independent of the nilpotency class of G), and so in N.
We now have, for example, by Theorem D:
Corollary 2.5. If a lattice-ordered group G ∈N is finitely presented as an abstract group, then G is residually torsion-free-nilpotent.
Finally in this section, we can now exhibit a central order on a free group that does not belong toN; cf., [5] . . Then C is a free group and so can be centrally ordered using the series
Identities in nilpotent -groups
In Lemma 2.4, we found a set of identities that hold inN. We now show that these are sufficient to defineN.
LetÑ be the variety of -groups defined by the identities ( * * ) in Lemma 2.4. That is, the defining identities forÑ are:
where
For, putting k = 1, n = 2, u 1 = x 1 , and w = [ Since we have provided an explicit set of defining laws forÑ, Theorem E gives both Theorem B and a set of defining identities forN.
To prove the theorem, we will need one extra technical fact.
. . , x n ) be a free group of rank n and H = h 1 , . . . , h n :
Then there exists j 0 ∈ Z + and a total order on H/I j 0 (H) such that
We now deduce Theorem E from Lemma 3.2.
Proof. By Lemma 2.4, it suffices to show thatÑ ⊆ q(N). SinceÑ ⊆ R, by Lemma 1.3 it is enough to prove that every finitely generated o-group G ∈Ñ belongs to q(N).
Let G be such an o-group generated by g 1 , . . . , g n . Let F be the free group on
Let ϕ : F → G be the group homomorphism determined by ϕ : 
Let U be an ultrafilter on Z + , and let H = ( 
. Thus θ is a group homomorphism that preserves order since
It only remains to prove Lemma 3.2.
Proof. If the lemma were false, choose a counter-example G with k minimal. By the minimality and rechristening, we may assume that
. . , g n ) > 1 in G, and (II) there is j 0 ∈ Z + and a total order on H/I j 0 (H) in which
Whenever j ≥ j 0 , there is a natural homomorphism from H/I j (H) onto H/I j 0 (H) determined by I j (H)h → I j 0 (H)h. Since H/I j (H) is a torsion-free nilpotent group, by Lemma 1.2 we can lift any total order from H/I j 0 (H) to H/I j (H) (let I j (H)h ∈ (H/I j (H)) + iff I j 0 (H)h ∈ (H/I j 0 (H)) + ; extend this partial order to a total order on H/I j (H) by Lemma 1.2).
By Lemma 1.1, if j ≥ j 0 , we may assume that
where Let C = C w be the value of w = w(g 1 , . . . , g n ) in G, and H = G/C. Let g := Cg (g ∈ G),v = Cv(g 1 , . . . , g n ) (v ∈ F ), andŪ = ū 1 , . . . ,ū k ⊆ H. Now C(w)/C ⊆ ζ(H), sow,ū j ∈ ζ (H) (j = 1, . . . , k) . It follows that [Ū, H] = 1. Since  w(x 1 , . . . , x n ) ∈ Γ [U,F ] (F ), we getw ∈ Γ [Ū,H] (H) = Γ(H). This contradicts that H is residually torsion-free-nilpotent. This is enough to prove Theorem C.
Proof. Since weakly Abelian -groups are residually ordered, it is enough to prove the theorem for finitely generated centrally ordered Abelian-by-nilpotent groups by Lemma 1.3. The result follows from Lemmata 1.5 and 4.1.
Corollary 4.2. (i) There is a weakly Abelian lattice-ordered group with the maximal condition on normal subgroups that does not belong toN.
(ii)N is not closed under central extensions.
Proof. Since Example 2.2 is cyclic-by-(finitely generated metabelian), it satisfies the maximal condition on normal subgroups. (ii) follows from Example 2.2 and Theorem C.
Concluding remarks
The results we have obtained beg several questions. The easiest to state are: 1. DoesN have a finite set of defining identities? We suspect not. 2. What varieties of lattice-ordered groups can occur betweenN and W? Is it possible that the latter covers the former (in which case the answer to Kopytov's question is only just "no")?
Added in proof.
The results in Section 3 can be used to obtain the converse of Theorem D. Consequently, q(N) can be defined by group implications and contains the same groups as the quasi-variety generated by all torsion-free nilpotent groups.
